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Abstract

Regular fuzzy logic functions are the functions f : [0; 1]n ! [0; 1]
that can be obtained by means of a �nite number of compositions from
a number of very simple starting functions, which are related to three-
valued logic. In this work we prove that if a function f can be implicitly
de�ned by a system of equations involving regular fuzzy logic functions,
then f is itself a regular fuzzy logic function. The proof is based on results
about regular Kleene algebras and Masao Mukaidono�s characterization
of regular logic funtions.
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1 Introduction

Let [0; 1] be the unit interval of the real line. A function f : [0; 1]n ! [0; 1] is
a regular fuzzy logic function provided f can be obtained by means of a �nite
number of compositions from the unary functions

[0; 1] ! [0; 1]
x 7! 0

[0; 1] ! [0; 1]
x 7! 1

2

[0; 1] ! [0; 1]
x 7! 1

[0; 1] ! [0; 1]
x 7! x = 1� x,

the binary functions max and min, and all projections (a1; :::; am) 7! aj , with
m � 1, and 1 � j � m.

�Research of both authors supported by SECYT (UNC) and ANPCYT (PICT Redes 0172).
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The topic of (regular) fuzzy logic functions has been actively investigated
by many researchers, since L. A. Zadeh proposed fuzzy set theory. During the
1970�s and 1980�s the theoretical aspects of fuzzy logic functions were intensively
studied (e.g., [2], [3], [4], [5], [6], [7] and [9]). Also, parallel developments on the
subject were made in the context of the algebraic theory of Kleene algebras [1].
In this note we combine both approaches to prove the following:

Theorem 1 Let f : [0; 1]n ! [0; 1] be such that there are regular fuzzy logic
functions
Fk; Gk : [0; 1]

n+1 ! [0; 1], k = 1; :::;m, satisfying

f(~a) = the only b 2 [0; 1] such that Fk(~a; b) = Gk(~a; b).

Then f is a regular fuzzy logic function.

2 Preliminaries

Let V3 = f0; 12 ; 1g. If a function f : (V3)
n ! V3 can be construed by a �nite

number of compositions from the same functions used to build regular fuzzy logic
functions, restricted to V3, then f is called a regular logic function. The sets
of regular fuzzy logic functions and regular logic functions are closely related.
Clearly, the restriction of a regular fuzzy logic function is a regular logic function.
Not so obvious is the fact that if f : [0; 1]n ! [0; 1] is a regular fuzzy logic
function, it is completely determined by its restriction to (V3)n. As we shall
need this result later on we state it as a lemma.

Lemma 2 (Preparata and Yeh [10]) Let f and g be n-placed regular fuzzy
logic functions. If f j(V3)n = gj(V3)n then f = g. I.e., if f and g agree on (V3)

n,
then f equals g.

The proof of Theorem 1 is based on Mukaidono�s characterization of regular
logic functions [8], and a series of remarks about a speci�c kind of lattice ordered
structures, called regular Kleene algebras.
In order to state Mukaidono�s result we need to introduce the �ambigu-

ity�order relation on (V3)n. For (a1; :::; an), (b1; :::; bn) 2 (V3)n, we have that
(a1; :::; an) is less or equally ambiguous than (b1; :::; bn) i¤ ai = 1

2 ) bi =
1
2 ,

i = 1; :::; n. We write ~a � ~b to indicate that ~a is less or equally ambiguous than
~b. The name of this ordering is due to the fact that the truth value 1

2 stands
for �unde�ned�, neither true nor false. Thus, if ~b has more 1

2�s than ~a, one can
think of ~b as being more ambiguous than ~a.
Now we can state the characterization theorem.

Theorem 3 (Mukaidono [8]) Let f : (V3)n ! V3. Then f is a regular logic
function if and only if f preserves the � relation (i.e., ~a � ~b implies f(~a) �
f(~b)).
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3 Regular Kleene algebras

In this section we introduce the regular Kleene algebras and several basic de�-
nitions and properties about them.

De�nition 4 A regular Kleene algebra is a 7-tuple A = (A;_;^;�; 0; 1; 12 )
such that (A;_;^; 0; 1) is a bounded distributive lattice, and � is unary operation
satisfying:

1. x = x

2. (x _ y) = x ^ y

3. (x ^ y) = x _ y

4. x ^ x � y _ y:

A few of examples of regular Kleene algebras are:

I = ([0; 1];max;min;�; 0; 1; 12 ),
3 = (f0; 12 ; 1g;max;min;�; 0; 1;

1
2 ),

5 = (f0; 14 ;
1
2 ;

3
4 ; 1g;max;min;�; 0; 1;

1
2 )

In all three cases a = 1� a.
Another example of a regular Kleene algebra is
3� 3 = (V3 � V3;_;^;�; (0; 0); (1; 1); ( 12 ;

1
2 )), where the operations are de-

�ned coordinatewise.
Homomorphisms and subalgebras of regular Kleene algebras are de�ned in

the usual manner [1]. The reader will have no problem in checking that the
two following functions are homomorphisms from I onto 3, and from I onto 5,
respectively.

[0; 1]! f0; 12 ; 1g [0; 1]! f0; 14 ;
1
2 ;

3
4 ; 1g

x 7!

8<: 1 if 1
2 < x � 1

1
2 if x = 1

2
0 if 0 � x < 1

2 ;
x 7!

8>>>><>>>>:
1 if 3

4 < x � 1
3
4 if 1

2 < x �
3
4

1
2 if x = 1

2
1
4 if 1

4 � x <
1
2

0 if 0 � x < 1
4 :

Let x1; x2; ::: be an in�nite list of variables. By a term we understand a
formal expression (word) built from the following symbols:

x1; x2; :::
; ( ) � ^ _ 0 1 1

2

via the following rules:

(a) 0, 1 and 1
2 are terms,

(b) each variable xi is a term,
(c) if t and s are terms, then so are the words
(t ^ s)

3



(t _ s)
t.

We write t(x1; :::; xn) to denote a term whose variables are in fx1; :::; xng. If
A is a regular Kleene algebra and a1; :::; an 2 A, then tA[x1; :::; xn] denotes the
element of A obtained by valuating the term t(x1; :::; xn) in x1 = a1; :::; xn = an.
From the de�nitions of terms and regular fuzzy logic functions it is evident

that there is a strong connection between these two. Indeed:

Remark 5 A function G : [0; 1]n ! [0; 1] is a regular fuzzy logic function if
and only if there is a term t(x1; :::; xn) satisfying

G(a1; :::; an) = t
I[a1; :::; an] 8a1; :::; an 2 [0; 1]

Obviously a similar remark applies to regular logic functions. The following
lemma states three basic properties of terms. The proof is left to the reader.

Lemma 6 Let A and B be regular Kleene algebras and let t(x1; :::; xn) be a
term.
(a) If  : A! B is a homomorphism then

(tA[a1; :::; an]) = t
B[(a1); :::; (an)]:

(b) t3�3[(a1; b1); :::; (an; bn)] = (t3[a1; :::; an]; t3[b1; :::; bn]):
(c) If B is a subalgebra of A and b1; :::; bn 2 B, then

tA[b1; :::; bn] = t
B[b1; :::; bn].

4 Proof of the main theorem

We need one last result before proceeding to the proof of our main theorem.

Lemma 7 Let tk(x1; :::; xn; xn+1); sk(x1; :::; xn; xn+1) be terms, k = 1; :::;m.
Suppose A is a Kleene algebra that satis�es the property

P = 8x1; :::; xn9!xn+1(tk(x1; :::; xn; xn+1) = sk(x1; :::; xn; xn+1) for k = 1; :::;m).

Let B be a subalgebra of A which is also a homomorphic image of A: Then B
satis�es the property P:

Proof. Let A and B denote the universes of A and B, respectively. Let
b1; :::; bn 2 B, and take  : A! B a surjective homomorphism. Let a1; :::; an 2
A be such that (a1) = b1; :::; (an) = bn. Since A satis�es P there is a 2 A
such that

tAk [a1; :::; an; a] = s
A
k [a1; :::; an; a] k = 1; :::;m.

Thus, by (a) of Lemma 6,

tBk [b1; :::; bn; (a)] = s
B
k [b1; :::; bn; (a)] k = 1; :::;m:
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Finally, note that (a) is the only element in B satisfying the above equations,
because the existence of another such element in B would imply that A fails the
uniqueness requirement of P.

We have collected all the necessary results and are ready to present the proof
of the main result.
Proof of Theorem 1. From Remark 5 we know that there are
tk(x1; :::; xn; xn+1); sk(x1; :::; xn; xn+1) 2 Tn+1; k = 1; :::;m; such that

Fk(a1; :::; an+1) = tIk [a1; :::; an+1]

Gk(a1; :::; an+1) = sIk [a1; :::; an+1] ;

for k = 1; :::;m and all a1; :::; an+1 2 [0; 1]: By hypothesis we have that I satis�es
the property

P = 8x1; :::; xn9!xn+1(tk(x1; :::; xn; xn+1) = sk(x1; :::; xn; xn+1) for k = 1; :::;m),

and hence, by Lemma 7, we have that 3 and 5 satisfy P:With routine arguments
one can also show that 3� 3 satis�es P.
Now, let h : (V3)n ! V3 be the function de�ned by P on 3; that is

t3k[a1; :::; an; h(a1; :::; an)] = s
3
k[a1; :::; an; h(a1; :::; an)] k = 1; :::;m:

Let h� h : (V3 � V3)n ! V3 � V3 be the function given by

((x1; y1); :::; (xn; yn)) 7! (h(x1; :::; xn); h(y1; :::; yn)):

Combining the fact that 3� 3 satis�es P with (b) of Lemma 6 produces

t3�3k [v1; :::; vn; h� h(v1; :::; vn)] = s3�3k [v1; :::; vn; h� h(v1; :::; vn)];

for k = 1; :::;m; and all v1; :::; vn 2 V3�V3. In other words, h�h is the function
de�ned by P on 3� 3.
Let 50 be the subalgebra of 3� 3 with universe

V50 = f(0; 0); (0;
1

2
); (
1

2
;
1

2
); (1;

1

2
); (1; 1)g:

Clearly, 50 is isomorphic to 5, and thus 50 satis�es P. This implies that

h� h((V50)n) � V50 : (*)

We prove next that h is a regular logic function. We do this via Theorem 3, so
we need to check that h preserves �. Let (a1; :::; an) � (b1; :::; bn) be elements
of (V3)n. If we go over the elements in V50 we see that (a; b) 2 V50 i¤ a � b.
Thus

((a1; b1); :::; (an; bn)) 2 (V50)n ;
and by (*)

(h(a1; :::; an); h(b1; :::; bn)) = h� h((a1; b1); :::; (an; bn)) 2 V50 ;
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which in turn says that

h(a1; :::; an) � h(b1; :::; bn):

So we have proven that h is a regular logic function, and thus there is a term
t(x1; :::; xn) such that h(a1; :::; an) = t3[a1; :::; an], for all a1; :::; an 2 V3. Let
F : [0; 1]n ! [0; 1] be the function de�ned by F (a1; :::; an) = tI[a1; :::; an].
Obviously F is a regular fuzzy logic function. Next, for k = 1; :::;m, we de�ne
F k; Gk : [0; 1]

n ! [0; 1] by

F k(a1; :::; an) = Fk(a1; :::; an; F (a1; :::; an))

Gk(a1; :::; an) = Gk(a1; :::; an; F (a1; :::; an)):

Note that F k and Gk are regular fuzzy logic functions, as they are de�ned as
compositions of this kind of functions. Further note that if a1; :::; an 2 V3 we
have

F k(a1; :::; an) = Fk(a1; :::; an; F (a1; :::; an))

= tIk[a1; :::; an; t
I[a1; :::; an]]

= t3k[a1; :::; an; t
3[a1; :::; an]]

= s3k[a1; :::; an; t
3[a1; :::; an]]

= sIk[a1; :::; an; t
I[a1; :::; an]]

= Gk(a1; :::; an; F (a1; :::; an))

= Gk(a1; :::; an):

(Observe that (c) of Lemma 6 is applied to obtain two of the above equalities.)
So we have proven that F k and Gk agree on (V3)n, hence, by Lemma 2, it follows
that F k = Gk, for k = 1; ::;m. This fact immediately produces that f = F ,
since I meets the uniqueness requirement of the property P. Thus f is a regular
fuzzy logic function, and we have concluded the proof.
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