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Abstract

An algebraically expandable class is a class of algebras axiomatizable
by a set of sentences of the form 89! ^ p = q. We �nd all algebraically
expandable classes in the variety of implication algebras. A representation
result for �nite implication algebras is proved, and we also give a charac-
terization of the class of congruence permutable implication algebras.
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1 Introduction and preliminaries

In this work we solve the following problem:
Characterize the subclasses of implication algebras that can be axiomatized

by sentences of the form 89! ^ p = q.
In the process we obtain a representation result for �nite implication alge-

bras, and as a by-product of our solution a number of interesting classes of
implication algebras arise. We also obtain a characterization of the congruence
permutable implication algebras.
Implication algebras, also known as Tarski algebras, have been introduced

and studied by J. C. Abbott in [?], [?]. They are the f!g-subreducts of Boolean
algebras. It is also known that implication algebras are the algebraic counterpart
of the implicational fragment of classical propositional logic [?].
For basic notions and notation in universal algebra and model theory we

refer the reader to [?] and [?], respectively. Throughout this work we apply the
notational convention that an algebra A has universe A, and we write Con(A)
to denote the set of all congruence relations of A.
An implication algebra is an algebra (L;!; 1) satisfying:

(I1) x! x � 1;
(I2) (x! y)! x � x;
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(I3) x! (y ! z) � y ! (x! z);

(I4) (x! y)! y � (y ! x)! x:

We write I to denote the variety of implication algebras. The algebra 2 =
(f0; 1g;!; 1), where x ! y = 0 i¤ x = 1 and y = 0, is the only (up to
isomorphism) subdirectly irreducible in I. Every implication algebra L is a join
semi-lattice with respect to the ordering

x � y , x! y = 1.

This ordering has 1 as its top element, and for a; b 2 L the join of a and b
in (L;�) is given by a _ b = (a ! b) ! b. Also, for every a 2 L, the interval
[a; 1] is boolean with respect to the � ordering. The meet of b; c 2 [a; 1] is
(b! (c! a))! a, and the complement of b relative to a is b! a.
An equational function de�nition sentence (EFD-sentence) is a sentence of

the form
8x1:::xn9!z1:::zm "(x; z),

where n � 0, m � 1, and "(x; z) is a conjunction of equations. It is convenient
to introduce two �rst order sentences associated to an EFD-sentence. Let '
denote the sentence in the display above, then its uniqueness part is

U(') = 8x1:::xn8y1:::ym8z1:::zm ("(x; y) & "(x; z))) y = z;

and its existential part is

E(') = 8x1:::xn9z1:::zm "(x; z):

We say that an algebra A 2 I satis�es ' (in symbols A � ') if and only if A
satis�es E(')&U('). Observe that for every algebra A that satis�es ' we can
de�ne a function [']A : An ! Am by

[']A(~a) = the only ~b 2 Am such that A � "(~a;~b):

If �j : Am ! A is the jth canonical projection we write [']Aj to denote �j � [']A,
for j = 1; :::;m. We refer to the functions [']A and [']Aj as the functions de�ned
by ' in A.
We call the structure (A; [']A1 ; :::; [']

A
n ) an algebraic expansion of A, since

the new operations are de�ned as unique solutions to systems of equations. If a
class C of algebras of the same language satis�es an EFD-sentence, then every
algebra in C can be expanded in this way, thus, we call a class axiomatizable by
EFD-sentences an algebraically expandable class. A study of this kind of classes
for several other varieties can be found in [?].

2 Global representation for �nite implication al-
gebras

In this section we prove that every �nite implication algebra is a global subdi-
rect product where every factor is either the reduct of a �nite boolean algebra
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without its bottom element, or the two-element implication algebra. It is worth
mentioning that the technique developed by Vaggione and Gramaglia in [?] to
establish a class of factors does not work for implication algebras. In this case
we employed the aid of a computer to provide a candidate for a suitable class
of factors. The result obtained only applies to �nite implication algebras, and
though it su¢ ces for us to solve the problem stated at the beginning of this
paper, we think it would be interesting if the representation result could be
generalized to the whole variety I.
A global subdirect product is a subdirect product with some additional re-

quirements (see [?] for a de�nition). The proof of our representation result will
follow from a property about congruence systems in �nite implication algebras
(see Lemma 2).
In the proof of Lemma 2 we make use of several well known facts about �nite

implication algebras. Let us start by summarizing these.
It is convenient to represent elements and congruences of a �nite implication

algebra as sets of co-atoms. (A similar approach is employed in [?], although to
study a di¤erent problem.)
Let L be a �nite implication algebra. A co-atom of L is an element in L

covered by 1. Let

C(L) = fc 2 L : c is a co-atom of Lg:

The map C : L ! P(C(L)), given by C(x) = fc 2 C(L) : x � cg, is an
embedding from L into (P(C(L));!d; ;), where A!d B = Ac\B: The inverse
of this embedding is given by X 7! ^X. For � 2 Con(L) let

C� = fc 2 C(L) : (c; 1) 2 �g:

The map � 7! C� is an isomorphism between (Con(L);\;_;�;r) and
(P(C(L));\;[; ;; C(L)): The inverse of this map is given by X 7!

_
c2X

�(c; 1).

Furthermore, for a; b 2 L we have

(a; b) 2 � , C(a)� C� = C(b)� C�:

Next we de�ne a class of �nite implication algebras that play a key rôle in
our work. For n � 2 let

Fn = f0; 1gn � f(0; :::; 0)g;

and let Fn be the subalgebra of 2n whose universe is Fn: For notational purposes
it will be convenient to de�ne F1 = 2. Let

F = fFn : n � 1g:

In other words, F is the class containing the implicational reducts of one of each
�nite Boolean algebra without its bottom element, plus the implication algebra
2.
The lemma below gives su¢ cient conditions for a � 2 Con(L) to have the

property L=� �= Fn, for some n � 2.
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Lemma 1 Let L be a �nite implication algebra. Suppose there is M � C(L)
such that:

(a) jM j = n � 2,
(b) the meet of every proper subset of M exists in L, and
(c) the meet of M does not exist in L.

Then the congruence
� =

_
c2C(L)�M

�(c; 1),

is such that L=� �= Fn.

Proof. Let M = fc1; :::; cng � C(L), and suppose M satis�es (a), (b) and (c).
Let � be as in the statement of this lemma. For j = 1; :::; n, let j : L! f0; 1g
de�ned by

j(x) =

�
1 if x � cj
0 if x � cj :

De�ne F : L! f0; 1gn by F (x) = (1(x); :::; n(x)). Note that

F (a) = F (b), C(a) \M = C(b) \M;

and hence ker(F ) = �. Also note that, as M satis�es (b) and (c), we have

F (L) = f0; 1gn � f(0; :::; 0)g:

Thus, L=� �= Fn.

Given an implication algebra L de�ne

�L = f� 2 Con(L) : there is F 2 F such that L=� �= Fg:

A system (�1; :::; �n; a1; :::; an) where �1; :::; �n 2 Con(L), a1; :::; an 2 L is a
system of congruences in L if (ai; aj) 2 �i _ �j , for i; j = 1; :::; n. An element
b 2 L is a solution to the system (�1; :::; �n; a1; :::; an) when (b; ai) 2 �i, for
i = 1; :::; n.

Lemma 2 Let L be a �nite implication algebra. Let (�1; :::; �n; a1; :::; an) be a
system of congruences in L such that for each � 2 �L there is some �i � �.
Then the system has a solution in L.

Proof. Let us start by translating the condition of (�1; :::; �n; a1; :::; an) being
a system into terms of co-atoms. We know that

(ai; aj) 2 �i _ �j , for i; j = 1; ::; n:

Equivalently

C(ai)� (C�i [ C�j ) = C(aj)� (C�i [ C�j ), for i; j = 1; ::; n: (*)

4



Let

B =
n[
i=1

C(ai)� C�i .

We prove that b = ^B exists in L, and that b is a solution for the system
(�1; :::; �n; a1; :::; an). For the sake of contradiction suppose ^B does not exist.
Then, there is a minimal subset M � B that has no meet in L. Note that every
proper subset of M has a meet in L. So, if we de�ne

� =
_

c2C(L)�M

�(c; 1),

by Lemma 1, we have � 2 �L. Thus, there is k 2 f1; :::; ng such that �k � �:
This is the same as to say that C�k � C� = C(L)�M . Now, M \C�k = ; and
it follows that M � B � C�k . Observe that

B � C�k =
n[
i=1

C(ai)� (C�i [ C�k),

and due to (*),

B � C�k =

n[
i=1

C(ak)� (C�i [ C�k)

= C(ak)� C�k
� C(ak):

So, we have that M � C(ak). In other words, M is included in the interval
[ak; 1], which we know is boolean. Thus M has a meet in L, arriving at a
contradiction. It follows that B must have a meet b: To conclude we show that
b is a solution to the system (�1; :::; �n; a1; :::; an): This is equivalent to

B � C�i = C(ai)� C�i , for i = 1; :::; n.

Let j 2 f1; :::; ng: Using elementary set algebra and (*) we have:

B � C�i =
n[
i=1

C(ai)� (C�i [ C�j )

=
n[
i=1

C(aj)� (C�i [ C�j )

= C(aj)� C�j :

We are now ready to prove our representation result.

Proposition 3 Every �nite member of I is isomorphic to a global subdirect
product with factors in F = fFn : n � 1g.
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Proof. This follows from Lemma 2 and [?].

The general de�nition of when an algebra is globally indecomposable [?] is
somewhat involved, but it turns out that for the �nite case it can be stated as
follows. A �nite algebra A is globally indecomposable if every decomposition of
A as a global subdirect product has a factor isomorphic to A.

Corollary 4 Every algebra in F is globally indecomposable.

Proof. As 2 is subdirectly irreducible it must be globally indecomposable.
Observe that Fn is not a homomorphic image of Fn+1, for n � 2. So, Proposition
3 says that if Fn (n � 2) has a global representation, then every one of its factors
must be isomorphic to 2. It is not di¢ cult to see that this is not possible.

The above corollary says that our class F of factors is as small as possible,
and the representation theorem is a la Birkho¤. As explained in the beginning
of this section, a suitable class of factors that globally represents the whole
variety remains unknown to us.

3 Algebraically expandable classes in I
In this section we characterize all algebraically expandable classes in I. Our
�rst step will be to prove that the algebraically expandable classes of I are in
correspondence with the algebraically expandable classes of F (Lemma 8). The
rôle of the members of F in the study of axiomatizability by EFD-sentences
in I closely resembles the rôle subdirectly irreducibles would play in studying
axiomatizability by identities in a given variety. One of the reasons to this is
the following:

Lemma 5 ([?]) Suppose A � �fAi : i 2 Ig is a global subdirect product, and
let ' be an EFD-sentence. If Ai � ', for all i 2 I then A � '.

Though in our case we do not have a representation result for all implication
algebras, we can circumvent this di¢ culty thanks to the next lemma.

Lemma 6 ([?]) Let Q be a quasi-variety, and let ' and  be EFD-sentences
in the language of Q. Assume that Mod(U(')) \ Q and Mod(U( )) \ Q are
�nitely generated quasi-varieties. Suppose that for every �nite A 2 Q we have
that A � ' implies A �  . Then Mod(') \Q �Mod( ) \Q.

The following easy observation is part of several proofs in the sequel, so it is
convenient to state it as a separate lemma.

Lemma 7 Let ' be an EFD-sentence with a non-trivial model in I. Then 2 � '
and I � U(').
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Proof. Let L 2 Mod(') \ I be non-trivial. Note that 2 is a homomorphic
image of L and as E(') is a positive sentence it follows that 2 � E('). Since L
has a subalgebra isomorphic to 2 and U(') is a quasi-identity we have 2 � U(').
Now, every member of I is isomorphic to a subdirect power of 2, so I � U('),
as subdirect products preserve quasi-identities.

Now we can prove that the class F has the desired property.

Lemma 8 Let '; be EFD-sentences. Then,

Mod(') \ F �Mod( ) \ F )Mod(') \ I �Mod( ) \ I.

Proof. Let '; be EFD-sentences such that Mod(')\F �Mod( )\F . Due
to Lemma 6 it su¢ ces to show that every �nite model of ' in I is a model of  .
Let L 2Mod(')\I be �nite. If L is trivial it is obvious that L �  , so assume
L is non-trivial. From Lemma 7 we obtain 2 2Mod(')\F �Mod( )\F and
I � U( ): By Proposition 3 we know that L is isomorphic to a global subdirect
product G with factors in F . Let S � F be the set factors of G; note that each
member of S is a homomorphic image of G. Thus, S � E(') and we already
proved that I � U('), so we have S � Mod(') \ F � Mod( ) \ F . Finally,
apply Lemma 5 to obtain that L �  .

Our next step is to understand axiomatizability by EFD-sentences within
the class F . The main tools in this process are the functions associated to each
EFD-sentence, and their properties. (The de�nition of the functions de�ned by
an EFD-sentence can be found in the �rst section.)

Lemma 9 ([?]) Let ' be an EFD-sentence.

1. Let fAi : i 2 Ig be a family of algebras such that Ai � ', for all i 2 I,
and let P =

Q
i2I Ai. Then P � ' and

[']Pj (p1; :::; pn)(i) = [']
Ai
j (p1(i); :::; pn(i)),

for every i 2 I, j = 1; :::;m, and any p1; :::; pn 2 P.

2. Suppose A � ', and let B be a subalgebra of A. Then B � ' i¤
[']A(Bn) � Bm.

Lemma 10 Let ' be an EFD-sentence. Then for every n � 1

Fn+1 � ') Fn � ':

Proof. The case n = 1 is already taken care of by Lemma 7, so assume n � 2.
For the sake of contradiction suppose there is an EFD-sentence ' such that
Fn+1 � ' and Fn 6� '. As, by Lemma 7, we have I � U('), it follows that Fn 6�
E('). Moreover, note that since Fn is generated by f(1; 0; :::; 0); :::; (0; :::; 0; 1)g,
we can assume w.l.o.g. that

' = 8x1:::xn9!z1:::zm "(x; z),
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and that a solution ~b 2 (Fn)
m fails to exist for x1 = (1; 0; :::; 0); :::; xn =

(0; :::; 0; 1). Since Fn+1 is non-trivial Lemma 7 implies 2 � ', and (2) from
Lemma 9 says that 2n+1 � '. Next, note that the map  : Fn ! Fn+1; de-
�ned by (a1; :::; an) = (a1; :::; an; 1) is an embedding. Let �Fn = (Fn). By our
assumptions about ', we know that

[']2
n+1

((1; 0; :::; 0; 1); (0; 1; 0; :::; 0; 1); :::; (0; :::; 0; 1; 1)) =2 ( �Fn)m:

Let �2n be the subalgebra of 2n+1 whose universe is f(a1; :::; an; 1) : ai 2 f0; 1gg:
Clearly �2n and 2n are isomorphic, and hence �2n � '. Since �Fn � f(a1; :::; an; 1) :
ai 2 f0; 1gg, applying (2) of Lemma 9 yields

[']2
n+1

(( �Fn)
n) � f(a1; :::; an; 1) : ai 2 f0; 1ggm.

Combining the facts in the two displays above we obtain

[']2
n+1

j ((1; 0; :::; 0; 1); (0; 1; 0; :::; 0; 1); :::; (0; :::; 0; 1; 1)) = (0; :::; 0; 1),

for some j 2 f1; :::;mg. Now, (1) of Lemma 9 says that the coordinate functions
of [']2

n+1

j are all equal to [']2j , and thus

[']2j (1; 0; :::; 0) = 0

[']2j (0; 1; 0; :::; 0) = 0

...

[']2j (0; :::; 0; 1) = 0

[']2j (1; 1; :::; 1) = 1:

But this produces

[']2
n+1

j ((1; 0; :::; 0; 0); (0; 1; 0; :::; 0); :::; (0; :::; 0; 1; 1)) =

= ([']2j (1; 0; :::; 0); [']
2
j (0; 1; 0; :::; 0); :::; [']

2
j (0; :::; 0; 1); [']

2
j (0; :::; 0; 1))

= (0; 0; :::; 0),

which is a contradiction, as Lemma 9 implies

[']2
n+1

((Fn+1)
n) � (Fn+1)m.

Next we proceed to show that for each n � 2 there is an EFD-sentence 'n
such that Fn�1 � 'n and Fn 6� 'n. Let n � 2, and let x1; :::; xn be variables.
For i = 1; ::; n de�ne the terms

sni (x1; :::; xn) =
n_

j=1, j 6=i
xj ;
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and let

'n = 8x1:::xn9!z
 
z � sn1 (x) & ::: & z � snn(x) & (

n_
i=1

(sni (x)! z)) = 1)

!
:

Though 'n and s
n
i are de�ned using the symbols the � and _, these symbols

are just shorthand, and it should be clear that 'n is a sentence in the language
f!; 1g.

Lemma 11 For n � 2 the sentence 'n holds in 2, and the function de�ned by
'n in 2 is the function fn, de�ned by

fn(a1; :::; an) =

�
1 if jfai : ai = 1gj � 2
0 otherwise.

Proof. Let a1; :::; an 2 f0; 1g. Observe that if jfai : ai = 1gj � 2, then
si(a1; :::; an) = 1, for i = 1; :::; n. Hence, the only b 2 f0; 1g that makes 'n
true for x1 = a1; :::; xn = an is 1: On the other hand, if jfai : ai = 1gj � 1, then
sj(a1; :::; an) = 0, for some j: Thus, the only b 2 f0; 1g that makes 'n true for
x1 = a1; :::; xn = an is 0:

Lemma 12 For n � 2 we have

1. Fn�1 � 'n, and

2. Fn 6� 'n.

Proof. (1). The case n = 2 is already proved in Lemma 11, so assume n � 3: By
Lemma 11 and (1) of Lemma 9 we know that 2k � 'n, for k � 1. Hence, by (2) of
Lemma 9, to prove Fn�1 � 'n we only need to check that ['n]2

n�1
((Fn�1)

n) �
Fn�1. Let a1; :::; an 2 Fn�1 = 2n�1�f(0; :::; 0)g: The pigeonhole principle yields
that for some i 2 f1; :::; n � 1g and j; k 2 f1; :::; ng, we have aj(i) = 1 = ak(i).
Now, (1) of Lemma 9 says that

['n]
2n�1(a1; :::; an) = (['n]

2(a1(1); :::; an(1)); :::; ['n]
2(a1(n� 1); :::; an(n� 1));

and Lemma 11 produces

['n]
2n�1(a1; :::; an) = (fn(a1(1); :::; an(1)); :::; fn(a1(n� 1); :::; an(n� 1)):

So, by the de�nition of fn, at least one of the coordinates of ['n]
2n�1(a1; :::; an)

is 1; and thus ['n]
2n�1(a1; :::; an) 2 Fn�1.

(2). In view of item (2) of Lemma 9 it su¢ ces to �nd a1; :::; an 2 Fn such
that ['n]

2n(a1; :::; an) =2 Fn: A coordinatewise computation as in the �rst part
of this proof shows that

['n]
2n((1; 0; :::; 0); (0; 1; 0; :::; 0); :::; (0; :::; 0; 1)) = (0; :::; 0):
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We have completed our study of the class F , and are now ready to prove
our main result.
Let In be the class of algebras in I that satisfy 'n, i.e.,

In =Mod('n) \ I:

Theorem 13 If C � I is an algebraically expandable class then either C =
ftrivial algebras in Ig, C = I or C = In for some n � 2. Furthermore we have

ftrivial algebras in Ig  I2  I3  � � �  I.

Proof. We prove that for any EFD-sentence ', either Mod(') \ I = ftrivial
algebras in Ig; Mod(')\I = I, or there there is n � 2 such thatMod(')\I =
Mod('n) \ I.
Let ' be an EFD-sentence. If Fn � ', for all n � 1, then Lemma 8 implies

that ' holds in every implication algebra. Suppose next that there ism � 1 such
that Fm 6� '. Then, by Lemma 10, there is a smallest n0 2 ! such that Fn0 6� '.
If n0 = 1 then,Mod(')\F = ; and Lemma 8 implies thatMod(')\I = ftrivial
algebras in Ig. On the other hand, if n0 � 2, it is clear that Mod(') \ F =
Mod('n0) \ F , and Lemma 8 produces Mod(') \ I =Mod('n0) \ I.
Next we prove that In  In+1, for n � 2. From Lemmas 10 and 12 we know

that

Mod('n) \ F = fF1; :::;Fn�1g  fF1; :::;Fng =Mod('n+1) \ F ;

and Lemma 8 yields

In =Mod('n) \ I  Mod('n+1) \ I = In+1:

Now it is quite easy to see that if C � I can be axiomatized by EFD-
sentences relative to I, it must be one of the classes in the statement of this
theorem. Suppose C =Mod(�) \ I, for some set � of EFD-sentences. By what
have proven so far we know that there are three possible kinds of sentences in
�: the ones that only have trivial models in I, the ones that are valid in I, and
the ones equivalent to some 'n. If � contains a sentence of the �rst kind, then
C is obviously the class of trivial algebras in I. As we can safely assume that
there are no sentences of the second kind in �, the only case remaining is the
one in which � only contains sentences of the third kind. But this case follows
easily from the fact that the classes In form a chain.

In the sequel we conduct a brief study of the In classes.

Lemma 14 For n � 2 and L 2 I t.f.a.e.:

1. L � 'n:
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2. Let S � L such that jSj � n, and suppose that every subset S with up to
n� 1 elements has a meet in L. Then S has a meet in L.

3. The meet
n̂

j=1

snj (a1; :::; an) exists in L, for all a1; :::; an 2 L.

Proof. (1))(2). Let S = fs1; :::; sng, and let ai = ^(S � fsig); i = 1; :::; n:
Take b = ['n]

L(a1; :::; an). Note that

snj (a1; :::; an) =
n_

i=1, i 6=j
ai � si,

for j = 1; :::; n. Thus, by the de�nition of 'n, it follows that b � s1; :::; b � sn,
and as S has a lower bound it has a meet.

(2))(1). In view of Lemmas 11 and 7 we only need to prove that L � E(').
Let a1; :::; an 2 L, and observe that S = fsnj (a1; :::; an) : j = 1; :::; ng satis�es
the requirements stated in (2), and thus it has a meet b 2 L. It is easy to check
that z = b satis�es E(') for x1 = a1; :::; xn = an.

(3),(2). This is left to the reader.

We show next that each class In is actually the reduct of a variety to the
language of I. From item (3) of Lemma 14 we know that for every L 2 In a
new n-ary operation �n : L

n ! L can be de�ned by

�n(a1; :::; an) =

n̂

j=1

snj (a1; :::; an).

Now, extend the language of I with the n-ary function symbol �n, and de�ne
the following class of algebras in this new language:

Mn = f(L; �n) : L 2 Ing:

Proposition 15 The classMn is a variety axiomatizable by

(I1), (I2), (I3), (I4),

8x �n(x) � snj (x), for j = 1; :::; n;

8x
n_
i=1

(sni (x)! �n(x)) = 1:

Furthermore, Con(L; �n) = Con(L), for L 2 In.

Proof. Suppose (L;!; 1; �) satis�es the above axioms. Clearly, (L;!; 1) �
E('n) and, by Lemma 7, (L;!; 1) � U('n). Hence, we have (L;!; 1) 2 In,
and necessarily � = �n. So, (L;!; 1; �) 2 Mn. It is straightforward to show
that if L 2 Mn, then it satis�es the above identities. The furthermore part
follows from the fact that whenever a meet exists in an implication algebra it

11



can be written as a polynomial in the language f!g, and thus the congruences
of an implication algebra L preserve whatever meets exist L. In particular, they
preserve �n.

An immediate consequence of the above theorem is that the only (up to
isomorphisms) subdirectly irreducible member ofMn is (2; �n). Another con-
sequence is that every �nite member ofMn is isomorphic to a global subdirect
product with factors in fF1; :::;Fn�1g.
The class I2 is, of course, the class formed by the reducts of generalized

boolean algebras to the language of I. It also is the class of congruence per-
mutable implication algebras. We conclude this work with a characterization of
congruence permutable implication algebras.

Theorem 16 Let L 2 I. T.f.a.e.:

1. L is congruence permutable.

2. The meet of any two elements of L exists.

3. L � 8x1x29!z z � x1 & z � x2 & ((x1 ! z) _ (x2 ! z) = 1):

4. L is isomorphic to a global subdirect product whose factors are all isomor-
phic to 2.

Furthermore, if L is �nite the above are equivalent to:

5. L has no homomorphic images in F � f2g.

Proof. (1))(4). This implication follows from [?].
(4))(3). Since 2 satis�es the EFD-sentence in (3), Lemma 5 yields this impli-
cation at once.

(3))(2). Direct from Lemma 14.

(2))(1). This is proved in [?].
To prove the furthermore part note that, due to Proposition 3, we have that (5)
is equivalent to (4).

In the paper [?] the authors characterize when two given congruences of an
implicative algebra permute, and also derive the equivalence of (1) and (2) in
the above theorem.
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