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Abstract

A ∀∃!-sentence is a sentence of the form ∀x1...xn∃!y1...ymO(x, y),
where O is a quantifier-free formula, and ∃! stands for "there exist
unique". We prove that if C is (up to isomorphism) a finite class of
finite models then C is axiomatizable by a set of ∀∃!-sentences if and
only if C is closed under isomorphic images, C has the intersection
property, and C is closed under fixed-point submodels. This result is
employed to characterize the subclasses of finitely generated discrim-
inator varieties axiomatizable by sentences of the form ∀∃!

∧
p = q.
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1 Preliminaries and main theorem

First order structures are denoted by boldface capital letters (e.g. A, B, etc.),
and their universes with the same non-bold letter (e.g. A is the universe of
A). Let A be a first order model, by Aut(A) we denote the collection of all
automorphisms of A. For γ ∈ Aut(A) let Fix(γ) denote the set of all fixed
points of γ, and let Fix(γ) denote the submodel of A with universe Fix(γ),
whenever Fix(γ) 6= ∅. Given a class C of models of the same language
we write S(C), H(C) and I(C) to denote the closure of C under submodels,
homomorphic images and isomorphic images respectively. We often denote a
sequence a1, ..., an by a, whenever the length of such a sequence is understood.
If F is a function of one variable, F (a) denotes the sequence F (a1), ..., F (an).
For sequences a and b of the same length, we write F : a 7→ b to indicate
that F is the function defined by F (ai) = bi, for i ranging over all elements
in the sequence a.
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Given a finite model A of a finite language L, and an enumeration
a1, ..., an of A, it is well known that there is a quantifier-free L-formula
∆(x1, ..., xn) such that for any L-structure B we have: B � ∆(b) if and
only if the map a 7→ b is an isomorphism from A onto the submodel of B
with universe {b}. The formula ∆ is called the open diagram of A with
respect to the enumeration a.
Let L be a first order language. A ∀∃!-sentence of L is a sentence of the

form
∀x1...xn∃!y1...ym O(x, y)

where O is a quantifier-free first order L-formula, and n,m ≥ 0.
Associated to a ∀∃!-sentence ϕ = ∀x1...xn∃!z1...zm O(x, z), with m ≥ 1,

there are two first order sentences; the uniqueness part of ϕ is:

U(ϕ) = ∀x∀y∀z (O(x, y) ∧O(x, z))→ y = z,

and the existential part of ϕ is:

E(ϕ) = ∀x∃y O(x, y).

We say that a structure A satisfies ϕ, and write A � ϕ, if and only
if A � U(ϕ) ∧ E(ϕ). A ∀∃!-sentence with no existential quantifiers is just
a universal formula. Several classical theories can be axiomatized by these
kinds of sentences. For example, the theories of
- groups (L = {·, e})
- boolean lattices (L = {∨,∧, 0, 1})
- fields (L = {·,+, 0, 1})
- regular rings (L = {·,+, 0, 1}).
A class of models C has the intersection property (i.p.) if givenA ∈ C and

A ⊇ Ai ∈ C, i ∈ I, such that
⋂
i∈I Ai 6= ∅, then

⋂
i∈I Ai ∈ C. Of course every

class closed under formation of submodels has the i.p.. A more sophisticated
example is given by the class of algebraically closed fields.
The finite intersection property (f.i.p.) is defined in the same way as the

i.p. but asking for the set I to be finite. A fact that is not obvious is that
for elementary classes the f.i.p. implies the i.p. [9]. It is easy to see that
every class of the form Mod(Σ), where Σ is a set of ∀∃!-sentences, has the
i.p.. C.C. Chang conjectured in [5] that a single sentence ϕ is such that
Mod(ϕ) has the i.p. if and only if ϕ is equivalent to a ∀∃!-sentence. In the
paper [9] M. O. Rabin disproves Chang’s conjecture, and also characterizes
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the elementary classes with the i.p. as certain ∀∃ classes. It turns out that
a class axiomatizable by ∀∃!-sentences has a further property not necessarily
true of every elementary class with the i.p.: a class C is closed under fixed-
point submodels if for everyA ∈ C and γ an automorphism ofA the submodel
with universe Fix(γ) = {a ∈ A : γ(a) = a} is in C (whenever the set Fix(γ)
is non-empty).
We are now ready to state and prove the main result of this note.

Theorem 1 Let L be an arbitrary first order language and let C be a class
of finite L-models containing up to isomorphism a finite number of models.
There is a set Σ of ∀∃!-sentences such that C = Mod(Σ) if and only if the
following conditions hold

1. I(C) = C.

2. If C ∈ C, γ ∈ Aut(C) and Fix(γ) 6= ∅ then Fix(γ) ∈ C.

3. C has the intersection property.

Proof. We only prove the non-trivial direction. Let C be as in the statement
of this theorem and satisfying conditions (1-3). We start by observing that
there is a finite L0 ⊆ L such that for any A,B ∈ C the reduct A0 of A to
L0 has exactly the same subuniverses as A, and a map γ : A → B is an
homomorphism from A into B if and only if γ is a homomorphism from A0

into B0. Therefore we may assume without loss of generality that L is finite.
Note that if C ∈ C and S ∈ S(C), then by the i.p. of C there is a smallest

(with respect to inclusion) M ∈ S(C) ∩ C such that S ⊆ M . We call M
the minimal extension of S below C. Observe that minimal extensions of
S below distinct models in C may very well be different (non-isomorphic for
instance). A model M is a minimal extension of S if it is minimal below
some C ∈ C. For S ∈ S(C) let

Min(S) = {M ∈ C : M is a minimal extension of S}.

The key idea in our axiomatization is that if S ∈ S(C) − C and S ⊂
C ∈ C then there are unique elements in C that when added to S complete
the minimal extension of S below C. However, as the uniqueness we are
pursuing takes into account the order of these elements, we have to handle
isomorphic permutations carefully. The remainder of this proof shows how
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to, given S ∈ S(C)−C, construct a ∀∃!-sentence σI(S) such that C � σI(S) and
I(S) 6� σI(S).
Fix S0 ∈ S(C)− C. Define the binary relation ∼ on the class

{(S,M) : S ∈ I(S0), M ∈Min(S)}

by (S,M) ∼ (S′,M′) iff there is an isomorphism δ : M → M′ such that
δ(S) = S ′. Clearly ∼ is an equivalence relation. Let P be a set containing
exactly one member of each equivalence class of ∼. Observe that P is a finite
set. Fix an enumeration a = a1, ..., an of S0. Take (S,M) ∈ P. Let G be the
subgroup of Aut(S) consisting of the automorphisms of S that extend to an
automorphism of M, and let

{Gγ0, Gγ1, ..., Gγk}

be a partition of Aut(S) by right cosets of G (γ0 stands for the identity map
of S). Fix an isomorphism F : S0 → S and an enumeration b = b1, ..., bm of
M − S. For j = 0, ..., k let

∆γj(x1, ..., xn, y1, ..., ym)

be the open diagram ofM with respect to the enumeration

γj(F (a1)), ..., γj(F (an)), b1, ..., bm.

Claim 1 Suppose c1, ..., cn ∈ S. There are d1, ..., dm ∈ M such that M �
∆γj(c, d) if and only if the map λ : F (a) 7→ c is in Gγj.

(⇒) If M � ∆γj(c, d) then δ : γj (F (a)) , b 7→ c, d is an automorphism ofM.
Observe that λ = δ|S ◦ γj ∈ Gγj.
(⇐) Let δ ∈ Aut(M) be such that λ = δ|S ◦ γj. Note that since

M � ∆γj(γj (F (a)) , b)

we have
M � ∆γj(c1, ..., cn, δ (b1) , ..., δ (bm)).

Thus we have finished the proof of the claim.

Now define

ΦS,M(x, y) =
k∨
j=0

∆γj(x, y).
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Claim 2 Suppose c1, ..., cn ∈ S. There are d1, ..., dm ∈ M such that M �
ΦS,M(c, d) if and only if the map λ : F (a) 7→ c is in Aut(S). Furthermore,
if M � ΦS,M(c, d) ∧ ΦS,M(c, e) then di = ei, for i = 1, ...,m.

The "if and only if" part in this claim is straightforward from Claim 1 and
the fact that {Gγ0, Gγ1, ..., Gγk} is a partition of Aut(S). To see the "fur-
thermore" part supposeM � ΦS,M(c, d)∧ΦS,M(c, e). Then there are i, j such
that

M � ∆γi(c, d) ∧∆γj(c, e),

and Claim 1 implies that the map λ : F (a) 7→ c is both in Gγi and Gγj.
Hence i = j. Observe next that the maps

δ1 : γj (F (a)) , b 7→ c, d

δ2 : γj (F (a)) , b 7→ c, e

are automorphisms of M, and that δ = δ−1
2 ◦ δ1 satisfies S ⊆ Fix(δ). But

Fix(δ) ∈ C and, as M is the minimal extension of S below M, it must be
that

Fix(δ) = M .

Thus di = ei, for i = 1, ...,m, and we have concluded the proof of the claim.

We move on to the second stage of our construction, where we combine
the formulas ΦS,M, for (S,M) ∈ P, to build σI(S0).
Since the different right sides of pairs in P may have different sizes, we

have to slightly modify the formulas defined above before we can put them
together in the same ∀∃!-sentence. Define

N = max{|M − S| : (S,M) ∈ P},

and for each (S,M) ∈ P let

Φ̂S,M(x, y1, ..., yN) = ΦS,M(x, y1, ..., ymi
) ∧

N∧
t=mi+1

yt = x1.

Now, let ∆S0(x) be the open diagram of S0 with respect to a and define

σI(S0) = ∀x∃!y1...yN

(
¬∆S0(x) ∧

N∧
t=1

yt = x1

)
∨

 ∨
(S,M)∈P

Φ̂S,M(x, y1, ..., yN)

 .
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Claim 3 C � U(σI(S0)).

Let C ∈ C. Suppose there are c1, ..., cn, d1, ..., dm, e1, ..., em′ ∈ C such that

C � Φ̂S,M(c, d, c1, ..., c1) ∧ Φ̂S′,M′(c, e, c1, ..., c1).

Let T = {c}, D = {c, d} and D′ = {c, e}. Observe that there are isomor-
phisms

δ : D→M

δ′ : D′ →M′

satisfying δ(T ) = S and δ′(T ) = S ′.
Let E be the minimal expansion of T below C. As D ∈ C and T ⊆ D it

follows that E ⊆ D. Now S ⊆ δ(E) ⊆ M , and the minimality of M yields
that δ(E) = M . Thus D = E, and in the same manner we can see that
D′ = E.
Next, note that δ′ ◦ δ−1 is an isomorphism fromM ontoM′ that takes S

onto S ′. I.e.,
(S,M) ∼ (S′,M′)

which in turn says that (S,M) = (S′,M′).
Now, we have that

M � ΦS,M(δ (c) , δ
(
d
)
) ∧ ΦS,M(δ (c) , δ (e))

and applying Claim 2 we obtain that δ (di) = δ (ei), for i = 1, ...,m. Thus
di = ei, for i = 1, ...,m, and we have finished the proof of the claim.

Claim 4 C � E(σI(S0)).

Let C ∈ C and take c1, ..., cn ∈ C such that C � ∆S0(c). Define T = {c}
and let E be the minimal extension of T below C. Let (S,M) ∈ P such that
(T,E) ∼ (S,M), and let δ : E→M be an isomorphism mapping T onto S.
Observe that the map H : a 7→ c is an isomorphism from S0 to T, and so
λ = δ|T ◦H ◦F−1 is an automorphism of S satisfying λ : F (a) 7→ δ(c). Now,
Claim 2 gives us d1, ..., dm ∈M such that

M � ΦS,M(δ (c) , d),

hence
C � ΦS,M(c, δ−1

(
d
)
)

which concludes our proof of the claim.
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Claim 5 S0 6� σI(S0).

For the sake of contradiction assume S0 � σI(S0) . Since S0 � ∆S0(a) there
are d1, ..., dm ⊆ S0 such that S0 � ΦS,M(a, d), for some (S,M) ∈ P. So
by construction of ΦS,M we have that S0 is isomorphic to M, and since C is
closed under isomorphisms it follows that S0 ∈ C, arriving at a contradiction.
Thus the claim is proved.

We are ready now to give our axiomatization of C. By our assumptions
over C there is a finite set Γ of universal sentences that axiomatizes IS(C).
For every S ∈ S(C)− C construct σI(S) as done above for S0 and define

ΣC = {σI(S) : S ∈ S(C)− C}.
Observe that ΣC is finite. It is clear from our last three claims that

Mod(Γ ∪ ΣC) = IS(C) ∩Mod(ΣC) = C.

2 Some applications

Let’s take a look at some classes satisfying the hypothesis of Theorem 1.

Groups Let Q8 denote the quaternion group. It is easy to check that if
γ is an automorphism of Q8, then Fix(γ) is either Z2 or Q8. Using this
information it can be checked that the class

C = I({Z2,Z3,Z6, Q8,Z3 ⊕Q8})
satisfies (1-3) of Theorem 1.

Cycles For a positive integer n let Cn denote the n-cycle undirected graph
as a model of the language with just a binary relation. Let γ be an automor-
phism of Cn such that ∅ 6= Fix(γ) 6= Cn. An easy computation shows that:
- if n is odd then Fix(γ) is isomorphic to C1.
- if n is even then Fix(γ) is isomorphic to D2, the graph with 2 disconnected
points.
Thus, the closure under isomorphism of the following sets satisfy (1-3) of

Theorem 1:
- {Cn1 , ...,Cnl} ∪ {C1}, where l ∈ ω and n1, ..., nl are odd positive integers.
- {Cn1 , ...,Cnl} ∪ {C1,D2}, where l ∈ ω and n1, ..., nl are positive integers.
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Rooted binary trees A rooted binary tree is a connected acyclic undi-
rected graph with a distinguished element (i.e., a model of the language
{R, c}), such that every node is either a leaf or has two sons. Let T denote
the class of rooted binary trees. It is not hard to see that T has the i.p. and
is closed under the formation of fixed-point submodels. Hence, the closure
under isomorphisms of any subset C ⊆ T which is closed under sub-rooted
binary trees (i.e., S(C)∩ T ⊆ C) satisfies (1-3) of Theorem 1. An example of
a class with this property is that of rooted binary trees of height up to n, for
any given positive integer n.

2.1 Lines and rectangles

This subsection is devoted to presenting a series of examples of classes satis-
fying the hypothesis of Theorem 1 stemming from the direct product of two
structures. The following lemma is the starting point.
Recall that a factor relation on a model A is an equivalence relation θ

for which there exists an isomorphism γ : A1 × A2 → A satisfying θ =
γ(ker(π1)), where π1 : A1 → A is the canonical projection. A factor relation
θ is trivial if θ is either the equality relation or A× A.

Lemma 2 Suppose the only nontrivial factor relations of A×B are ker(π1)
and ker(π2), where π1, π2 are the canonical projection maps. Then for each
γ ∈ Aut(A × B) such that Fix(γ) 6= ∅ we have either Fix(γ) ∈ IS({A,B})
or Fix(γ) = A′ ×B′, where A′ ∈ S(A) and B′ ∈ S(B).

Proof. Note that either γ (ker(π1)) = ker(π1) or γ (ker(π1)) = ker(π2).
Suppose first that γ (ker(π1)) = ker(π1). Then γ (ker(π2)) = ker(π2), and
hence there are γ1 and γ2 automorphisms of A and B such that γ = (γ1, γ2).
So, Fix(γ) = Fix(γ1)× Fix(γ2).
Assume next that γ (ker(π1)) = ker(π2). Observe that the expression

π2(γ(x, y)) does not depend on y and hence it defines an isomorphism ρ :
A → B, ρ(x) = π2(γ(x, y)). Now, if (a, b) ∈ Fix(γ), then ρ(a) = b and thus
(a, b) = (a, ρ(a)). We conclude that Fix(γ) is a subuniverse of the graph of
ρ which is isomorphic with A.

A model is said to be rigid if it has no proper automorphisms. For a
definition of the strict refinement property see [8].
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Corollary 3 Let A and B be finite, rigid and directly indecomposable. Sup-
pose A × B has the strict refinement property. Then the class C = I({A ×
B} ∪ S({A,B})} satisfies (1-3) of Theorem 1.

Chains Let n be the n-element chain as a model of the language {≤}.
Since bounded partially ordered sets have the strict refinement property [8],
the above corollary says that the class

C = I({n× n} ∪ {k : 1 ≤ k ≤ n})

satisfies (1-3) of Theorem 1.

Rings

Recall that the factor relations of a commutative ring with identity R are in
correspondence with its idempotent elements. Thus R is directly indecom-
posable iff 0 6= 1 are its only idempotent elements. The following is an easy
consequence of Lemma 2.

Corollary 4 Let R and T be commutative rings with identity (as models
of the language {+,−, ·, 0, 1}). If (1, 0) and (0, 1) are the only nontrivial
idempotent elements of R×T, then for each γ ∈ Aut(R×T) we have either
Fix(γ) ∈ IS({R,T}) or Fix(γ) = R′×T′, where R′ ∈ S(R) and T′ ∈ S(T).

Proposition 5 Let S be a class of directly indecomposable commutative rings
with identity. Then the class C = I({R1 ×R2 : R1,R2 ∈ S(S)} ∪ S(S)) sat-
isfies (1-3) of Theorem 1.

Proof. By Corollary 4, C is closed under fixed-point submodels. To see that
C has the i.p. let R,Si ∈ C, i ∈ I, and suppose Si is a subring of R, for
i ∈ I. If either one of the Si’s or R is in IS(S), we clearly have

⋂
i∈I
Si ∈ C.

Suppose R = R1 × R2 and Si ∈ I({T1 × T2 : T1,T2 ∈ S(S)}), for i ∈ I.
Then (1, 0), (0, 1) ∈

⋂
i∈I
Si, and hence

⋂
i∈I
Si = π1(

⋂
i∈I
Si)× π2(

⋂
i∈I
Si) ∈ C.
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Applying Proposition 5 to S = {Z4} we obtain

C = I({Z2,Z4,Z2 × Z4,Z4 × Z4}).

Observe that this class is not universal since the subring of Z4 × Z4 with
universe {(x, y) : x ≡ ymod(2)} is not in C.

Lattices

Proposition 5 has an analogue for bounded distributive lattices with an al-
most identical proof.

Proposition 6 Let S be a class of directly indecomposable bounded distrib-
utive lattices (L = {∨,∧, 0, 1} in this case). Then the class I({L1 × L2 :
L1,L2 ∈ S(S)} ∪ S(S)) satisfies (1-3) of Theorem 1.

For example, let L = 1⊕ (2× 2), and let S = {L}. Then, by Proposition
6 and Theorem 1, the class formed by all isomorphic images of the following
lattices is axiomatizable by ∀∃!-sentences:
2, 3, 4, L,
2× 2, 2× 3, 2× 4, 2× L,
3× 3, 3× 4, 3× L,
4× 4, 4× L,
L× L.

It is worth noting that the above class is far from being universal.

3 ∀∃!eq classes in discriminator varieties
For the remainder of this work we assume that the language L has no rela-
tion symbols except for equality. In this section we consider an application
of Theorem 1 to the study of axiomatizability by ∀∃!eq-sentences, that is,
sentences of the form

∀x1...xn∃!y1...ym

k∧
j=1

tj(x, y) = sj(x, y)

where tj and sj are L-terms.
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Varieties

A class of models of L is called a variety if it is axiomatizable by identities,
i.e., by sentences of the form ∀x t(x) = s(x), where s and t are terms. Many
important classes of algebraic structures are varieties (for an adequate L).
Groups, rings, boolean algebras and lattices are just a few examples of widely
known varieties. A historical theorem by G. Birkhoff [1] asserts that V is a
variety iff V is closed under the formation of direct products, submodels and
homomorphic images. Varieties are the main objects of research for universal
algebraists as they provide a natural way to classify algebraic structures. For
a class of models C, the variety generated by C, denoted by V(C), is the
smallest variety containing C, that is, the class of all models satisfying the
equational theory of C. A variety V is finitely generated provided there is
a finite set of finite structures F satisfying V = V(F). For instance, the
variety of boolean algebras is finitely generated, since it is generated by the
two-element boolean algebra.

Discriminator varieties

For a set A the ternary discriminator on A is the function dA : A3 → A
defined by

dA(a, b, c) =

{
a if a 6= b
c if a = b.

A discriminator variety is a variety V generated by a class C for which there
is a term t(x, y, z) satisfying tA = dA, for all A ∈ C. The most important
example of such a variety is given by the class B of boolean algebras. Observe
that the term t(x, y, z) = (x ∨ y′) ∧ (x ∨ z) ∧ (z ∨ y′) represents the ternary
discriminator on the two-element boolean algebra. The theory of discrimina-
tor varieties has numerous applications, especially in Algebraic Logic and in
the study of the decidability of the first order theories of equational classes.
In a broad sense, discriminator varieties are a generalization of the class

of boolean algebras, and every discriminator variety shares many impor-
tant properties true of B. Perhaps the strongest of these properties is that
every member of a discriminator variety V is a very special kind of subdirect
product with all factors simple or trivial. More precisely, every A ∈ V is
isomorphic to a boolean product of simple or trivial factors. (For a definition
of boolean product see [1].) Let Γa(C) denote the class of all boolean prod-
ucts with factors in the class C. We write VS to denote the class of simple
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members of V.

Theorem 7 Let V be a finitely generated discriminator variety such that its
simple members have no trivial subalgebras. For C ⊆ V the following are
equivalent:

1. C is axiomatizable by ∀∃!eq-sentences.

2. There is S ⊆ VS satisfying (1-3) of Theorem 1 and such that C =
IΓa(S).

3. C has the i.p. and is closed under fixed-point submodels, formation of
boolean products and homomorphic images.

Sketch of proof. In [4] it is proved that if P ⊆
∏
{Ai : i ∈ I} is a boolean

product, and ϕ is a ∀∃!eq-sentence, then

P � ϕ⇔ {Ai : i ∈ I} � ϕ. (*)

Another fact we need to mention is that, as VS is equipped with the ternary
discriminator as a term-operation, it is possible to translate open formulae
into term-equalities, in the following sense: let O(x) be an open formula,
there are terms p(x) and q(x) such that for all S ∈ VS and a ∈ S we have

S � O(a)⇔ S � p(a) = q(a).

For a proof of this fact see [10]. With this information at hand it is straight-
forward to check that the maps

{∀∃!eq-subclasses of V} → {∀∃!-subclasses of VS}
K 7→ K ∩ VS

and
{∀∃!-subclasses of VS} → {∀∃!eq-subclasses of V}

K 7→ IΓa(K)

preserve the inclusion ordering and are one the inverse of the other. Now
(1)⇒(2) is an immediate consequence of the above correspondence (just take
S = C ∩ VS and recall that VS is closed under submodels). The proof of
(2)⇒(1) is also easily obtained by combining this correspondence with The-
orem 1 (observe that Jònsson’s Lemma [7] guarantees that VS is a finite class
of finite algebras).
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Let’s prove (1)⇒(3). Let Σ be a set of ∀∃!eq-sentences such that C =
Mod(Σ). We only prove that C is closed under homomorphic images as
the the other conditions are clearly satisfied by C. Let C ∈ C and take
{Bi : i ∈ I} ⊆ VS such that C ⊆

∏
{Bi : i ∈ I} is a boolean product.

Let α : C → D be a surjective homomorphism. By [2], there is a closed
subset J ⊆ I such that D ∼= C/ ker (α) ∼= {f |J : f ∈ C}. Call D′ the
algebra with universe D′ = {f |J : f ∈ C}. Since J is a closed subset of I,
D′ ⊆

∏
{Bj : j ∈ J} is a boolean product. Now, by (*), {Bi : i ∈ I} � Σ and

this implies {Bj : j ∈ J} � Σ, which again by (*) says D′ � Σ. So D � Σ,
and we have finished the proof of (1)⇒(3).
To conclude we prove (3)⇒(2). Let S = C ∩ VS. Since C satisfies (1-3)

of Theorem 1 so does S (again we use that VS is closed under submodels).
Clearly IΓa(S) ⊆ C, as IΓa(S) ⊆ IΓa(C) = C. In order to check the remaining
inclusion let C ∈ C. There is {Bi : i ∈ I} ⊆ VS and a boolean product C′ ⊆∏
{Bi : i ∈ I} such that C ∼= C′. Observe that each Bi is a homomorphic

image of C′ and thus of C. So, as C is closed under homomorphic images,
we have {Bi : i ∈ I} ⊆ S. Hence C ∈ IΓa(S).

The hypothesis that the simple members of V have no trivial submodels
can be removed from the statement of Theorem 7 and items (1) and (3) are
still equivalent. Item (2) has to be slightly modified asking for S to have
the trivial model as a member. The proof is a little more involved though
essentially the same.

Algebraic expansions

Observe that the sentence ∀x∃!y1...ym O(x, y) implicitly defines a sequence
f1, ..., fm of operations on each of its models by

(f1(x), ..., fm(x)) = the only y such that O(x, y). (1)

For a class C of L-models axiomatized by a set Σ of ∀∃!-sentences let LΣ be
the expansion of L obtained by adding an adequate number of new operation
symbols for every sentence in Σ. Let CΣ be the class formed by the expan-
sions of models in C to the language LΣ where each new symbol is interpreted
according to (1). Note that CΣ is a universal class. In the special case where
C is contained in a discriminator variety and Σ is a set of ∀∃!eq-sentences we
have that CΣ is a variety. (This is not the only case in which CΣ is an equa-
tional class. In [4] the reader can find many other examples and a systematic
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study of these type of classes.) Due to the algebraic connection between
the new and the original operations in C we call CΣ an algebraic expansion
of C. This terminology is further justified by the fact that homomorphisms
between models of CΣ turn out to be exactly the L-homomorphisms, thus CΣ

inherits many structural properties of C. Algebraic expansions constitute, in
our opinion, a promising way to discover rich and interesting new varieties.
It is also worth mentioning that if V is a discriminator variety, every set of
∀∃!eq-sentences is an example of a compatible implicit definition in the sense
of [3].
We conclude this note with an application of Theorem 7 to a specific

discriminator variety.

MV-algebras An MV-algebra A = (A, 0,¬,⊕) is an commutative monoid
(A, 0,⊕) equipped with a unary operation ¬ such that ¬¬x = x, x ⊕ ¬0 =
¬0, and y ⊕ ¬(y ⊕ ¬x) = x ⊕ ¬(x ⊕ ¬y). MV-algebras were invented by
Chang to give a syntax-free proof of the completeness theorem for the infinite-
valued Lukasiewicz calculus. We refer to [6] for a comprehensive and self-
contained account. For 1 ≤ n < ω let Sn be the MV-algebra with universe
{0, 1

n
, 2
n
, ..., n−1

n
, 1}, and whose operations are defined by ¬x = 1 − x and

x ⊕ y = min(1, x + y). It is well known that each Sn is simple, rigid, and
V(Sn)S = IS(Sn) = I({Sm : m divides into n}). Thus applying Theorems 1
and 7 yields:
- S ⊆ V(Sn)S is axiomatizable by ∀∃!-sentences iff S has the i.p. and

I(S) = S.
- C ⊆ V(Sn) is axiomatizable by ∀∃!eq-sentences iff HΓa(C) ⊆ C and C

has the i.p..
- The lattice of ∀∃!eq-subclasses of V(Sn) is isomorphic to the lattice of

subsemilattices of ({divisors of n}, gcd).
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